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If P is an irreducible element of a polynomial ring over a finite field, then one
can define a Fermat quotient function associated to P. This is the direct analog of
the traditional Fermat quotient function defined over the rational numbers using
Fermat’s ‘‘little’’ theorem. This paper provides answers for several of the central
questions about the Fermat quotients over function fields.  1997 Academic Press
Let p be a prime number and a be a positive integer. In 1640, Pierre de
Fermat showed that ap 2 a is divisible by p. So the quotient qa 5 (ap 2
a)/p is actually an integer and is called the Fermat quotient of a with respect
to p. Niels Henrik Abel was apparently the first to ask whether qa ; 0
(mod p) has any solutions with 1 , a , p, a question that Carl Jacobi
answered in the affirmative by providing the solutions a 5 3 or 9 and p 5
11, a 5 14 and p 5 29, and a 5 18 and p 5 37 [3]. In 1909 A. Wieferich
showed that if p is an odd prime and q2 is non-zero modulo p, then xp 1
yp 1 zp 5 0 can have no solutions in the positive integers with p B xyz,
happily connecting Fermat’s ‘‘little’’ theorem and the first case of his ‘‘last’’
theorem [11]. This and similar results motivated much study of the Fer-
mat quotients.
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These studies can be divided into two areas. The first area deals with
the vanishing of the Fermat quotients: Can one say exactly when qa is
congruent to zero modulo p? Can one give the exact power of p dividing
qq [6]? Are there infinitely many pairs a, p so that qa ; 0 (mod p) [1]? It
seems not even known whether there are infinitely many p so that q2 is
not congruent to zero [7].
In the second area of study, one fixes p and tries to give the order of
the set hqa : 0 # a , pj considered inside Z/pZ. H. Vandiver proved that
this set contains at least Ïp but no more than p 2 (1 1 Ï2p 2 5)/2 elements
[10]. What if one considers hqa : 0 # a , prj inside of Z/prZ, for some fixed
r? For r 5 2, one easily shows that there are exactly p 2 1 distinct a such
that qa ; 0 (mod p2), but apparently little else is known.
In this paper we study the Fermat quotients of function fields defined
over finite fields. Let Fq be the field of q elements, for q a power of the
prime number p. Suppose P is an irreducible polynomial in Fq[x], the
polynomial ring with constant field Fq. Then Fq[x]/(P) is a field of order
qdeg(P). Since the multiplicative group of a finite field is cyclic, the polynomial
Aq
deg(P)
2 A is divisible by P in Fq[x] for any A [ Fq[x]. Thus it makes sense
to define the Fermat quotient of A with respect to P to be the polynomial
QP(A) 5
Aq
deg(P)
2 A
P
.
Summary of the Main Results
(1) Suppose 1 # deg(A) , deg(P) for P an irreducible polynomial.
Let « be the largest integer so that A 5 (A9)p
«
for some A9 in Fq[x]. Then
ordP(QP(A)) 5 p« 2 1.
(2) There are infinitely many pairs A, P in Fq[x] with P irreducible
and 1 # deg(A) , deg(P) such that QP(A) ; 0 (mod P). Further, for a
fixed r $ 1, QP(A) ; 0 (mod Pr) for infinitely many P if and only if A is
a pdr-th power in Fq[x], where pdr21 # r , pdr.
(3) For each r $ 1, the map from hA [ Fq[x] : deg(A) , deg(Pr)j to
Fq[x]/(Pr) taking A to QP(A) is Fq-linear. Its image has dimension d 2
1 2 [(d 2 1)/p] if r 5 1, and at least (r 2 1)d $ 2, where d 5 deg(P) and
[?] is the greatest integer function.
Notice that part (2) follows from part (1) and that our results depend only
on the degree of the polynomial P, not on the polynomial itself. The reason
our results are more complete than those known over number fields is in
large part because the characteristic of our field is finite, so the P-adic
expansion of QP(A) is easier to handle.
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In the first section we fix n $ 1 and consider the (xq
n
2 x)-adic expansion
of Aq
n
2 A, which is relatively simple and can be given explicitly. This
leads us to consider what we call the Q-quotients, Qn(A) 5 (Aq
n
2
A)/(xq
n
2 x), and prove results about them similar to those summarized
above. In the second, shorter section we use these results and the fact that
xq
n
2 x is the product of the monic irreducible polynomials in Fq[x] of
degree dividing n to study the Fermat quotient over rational function fields.
Both authors express their deep appreciation to Professor Y. Hellegou-
arch for his generous attitude and many useful suggestions while they were
preparing this article.
1. Q-QUOTIENTS
Let Fq be the finite field with q elements, with q a power of the prime
p. Fix a positive integer n, and for A an element of the polynomial ring
Fq[x] consider the quotient
Aq
n
2 A
xq
n
2 x
.
This quotient is actually a polynomial, i.e., is contained in Fq[x], for if we
write A 5 oi50 ai xi, for ai [ Fq, then we have
Aq
n
2 A 5 O
i$0
(aq
n
i x
iqn 2 ai xi)
5 O
i$1
ai (xiq
n
2 xi)
5 O
i$1
ai (xq
n
2 x)xi21(x(i21)(q
n
21) 1 x(i22)(q
n
21) 1 ? ? ? 1 xq
n
21 1 1),
which is divisible by xq
n
2 x. So it is reasonable to let Qn be the function
on Fq[x] defined by
Qn(A) 5
Aq
n
2 A
xq
n
2 x
.
To give a title to this section, we call Qn the Q-quotient function (leaving
the fixed n to be understood). We first give the basic properties of Qn, all
of which may be proven with trivial calculations.
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PROPOSITION 1.1. For all polynomials A and B in Fq[x] and constants c
in Fq:
(1) Qn(A 1 B) 5 Qn(A) 1 Qn(B).
(2) Qn(cA) 5 cQn(A).
(3) Qn(AB) 5 (xq
n
2 x)Qn(A)Qn(B) 1 BQn(A) 1 AQn(B).
Remark. If s is the Frobenius action on Fq[x]/(xq
n
2 x), i.e., s(A) 5
Aq
n
, then Qn is a s -derivation, that is, Qn is an Fq-vector space map on
Fq[x] and Qn(AB) 5 Qn(A)B 1 s(A)Qn(B). The quotient discussed here
is also called a standard Galois derivative of the first order [5].
COROLLARY 1.2. If A 5 omi50 Ai (xq
n
2 x)i [ Fq[x] for any Ai in Fq[x], then
Qn(A) 5 Qn(A0) 1
A0 1 A
xq
n
2 x
1 Om
i51
(Ai (xq
n
2 x)iq
n
21 1 Qn(Ai)(xq
n
2 x)iq
n
).
In particular,
Qn(A 1 B(xq
n
2 x)) ; Qn(A) 2 B(mod(xq
n
2 x)q
n
21).
For r $ 1, define the map Qn,r to be the composition
Qn,r: Fq[x] UR
Qn
Fq[x] R Fq[x]/(xq
n
2 x)r,
and let En,r be the Fq-vector space hA [ Fq[x] : deg(A) , rqnj. So
Qn,r(A) 5 0 means that Qn(A) is divisible by (xq
n
2 x)r.
COROLLARY 1.3. (1) Qn,r is a s -derivation on Fq[x] and thus is an Fq-
vector space map.
(2) The kernel of Qn,1 is (En,1) p and Qn,1 (En,1) > En,1/(En,1) p is a
vector subspace of Fq[x]/(xq
n
2 x) of dimension qn 2 qn/p.
Proof. Part 1 is clear. For part 2, by Proposition 1.1, Qn,1(x) 5 1 and
Qn,1(x j) 5 jx j21, and so
Qn,1 SOqn21
j50
aj x jD5 Oqn21
j51
aj jx j21.
This is zero if and only if p divides j for all j with aj ? 0. The result
then follows. n
We next investigate Qn(A) for deg(A) , qn.
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LEMMA 1.4. If A 5 omi50 ai xi is a polynomial in Fq[x] of degree m , qn,
then the (xq
n
2 x)-adic expansion of Aq
n
2 A is omj51 bj (xq
n
2 x) j, where
bj 5 o
m
i5j ai ( ij)xi2j is a polynomial of degree less than qn. In particular,
Qn(A) 5 omj51 bj (xq
n
2 x) j21.
Proof. By the binomial theorem,
xiq
n
2 xi 5 Oi
k51
S ikD xi2k(xqn 2 x)k.
So, since Aq
n
5 o ai xiq
n
, we have
Aq
n
2 A 5 Om
i51
ai (xiq
n
2 xi )
5 Om
i51
ai SOi
k51
S ikD xi2k(xqn 2 x)kD
5 Om
j51
SOm
i5j
ai S ijD xi2jD (xqn 2 x) j.
The rest of the proof is then clear. n
We can now find the exact power of xq
n
2 x dividing A, for deg(A) ,
qn. For an integer m let ordp(m) be the largest power of p dividing m.
THEOREM 1.5. Let A 5 omi50 ai xi be a polynomial in Fq[x] with degree
m , qn, and let « 5 «(A) 5 ordp(gcdhi u ai ? 0j). Then (Aq
n
2 A)/(xq
n
2
x)p
«
is a polynomial in Fq[x] and
Aq
n
2 A
(xq
n
2 x)p
« ; O
p«ui
ai S ip«D xi2p« (mod(xqn 2 x) p«).
Further, the polynomial appearing on the right-hand side of the equivalence
is non-zero and has degree less than qn. In particular, p« is the largest power
of xq
n
2 x dividing Aq
n
2 A.
Proof. By Lemma 1.4 we have
Aq
n
2 A 5 Om
j51
bj (xq
n
2 x) j
for bj 5 o
m
i5j ai ( ij)xi2j. For each j, the polynomial bj has degree less than qn.
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So each bj is either zero or is not divisible by xq
n
2 x. Further, since the
terms in each bj have different degrees, bj is non-zero exactly when at least
one of the coefficients ai ( ij) is non-zero. Thus the exact power of xq
n
2 x
dividing Aq
n
2 A equals j for the smallest j such that ai ( ij) ? 0 for some
i $ j.
Because we are in a ring with characteristic p, we may make the last
statement more explicit. Let « 5 «(A) 5 ordp(gcd hi u ai ? 0j) and consider
ai ( ij). By definition of «, if p« does not divide i, then ai 5 0. On the other
hand, if p« does divide i, and 1 # j , 2p« with j ? p«, then ordp( j) , «, so
( ij) 5 0 in Fq. Therefore the first two possibly non-zero bj’s are bp« and
b2p« and
Aq
n
2 A 5 bp«(xq
n
2 x)p
«
1 b2p«(xq
n
2 x)2p
«
1 ? ? ?
; (xq
n
2 x) p
« O
p« ui
ai S ipeD xi2p« (mod(xqn 2 x)2p«).
To complete the proof note that, again by definition of «, there is some i
with ai ? 0 and ordp(i) 5 «. Since ( ip«) is not divisible by p, ai ( ip«) is non-
zero, and so the sum is non-zero. n
By definition of « 5 «(A), A has the form op«ui ai xi. Since raising to the
p«-th power is an automorphism of Fq, we see A is actually a p«-th power.
Thus we have
COROLLARY 1.6. Suppose 1 # deg(A) , qn. Let « be the largest integer
so that A 5 (A9)p
«
for some A9 in Fq[x]. Then p« 2 1 is the exact power of
xq
n
2 x dividing Qn(A).
When r $ 2, to find the dimension of the image of Qn,r we must combine
Corollary 1.2 with Lemma 1.4. So we will have two cases: r , qn and r $
qn. As the reader may already have noticed, just as in the classical case,
the p-divisibility of the binomial coefficients will now play an important role.
PROPOSITION 1.7. For 2 # r , qn, Qn,r(En,r) is an Fq-vector space of
dimension (r 2 1)qn 1 # hi [ N : r # i # qn 2 1, (ir) ? 0j.
Proof. For A in En,r uniquely express A as o
r21
j50 Aj (xq
n
2 x) j, with
deg(Aj) , qn. Then by Corollary 1.2, we have
Qn,r(A) 5 Qn,r(A0) 2 Or21
j51
Aj (xq
n
2 x) j21.
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Writing A0 5 o
qn21
i50 ai xi then, by Lemma 1.4, there are bj’s so that
Qn,r(A) 5 SOr21
j21
(bj 2 Aj)(xq
n
2 x) j21D1 br(xqn 2 x)r21,
in Fq[x]/(xq
n
2 x)r. Since the Aj’s are arbitrary polynomials of degree less
than qn, the sum in the previous equality varies over all polynomials of
degree less than (r 2 1)qn. Finally,
br 5 Oqn21
i5r
ai SirD xi2r
is non-zero if and only if (ir) ? 0 or ai ? 0. Since r is fixed and the ai are
arbitrary for all i the result is obtained. n
One may, in principle, obtain the precise dimension of the image for any
given r by using ordp(k!) 5 (k 2 sk)/(p 2 1), where sk is sum of the digits
of the base p expansion of k. For example
COROLLARY 1.8. (1) For r 5 pt , qn, the dimension of Qn,r(En,r) is
qnr 2 qn/p.
(2) For r 5 pt 2 1 , qn, the dimension of Qn,r(En,r) is qnr 2
qnr/(r 1 1).
For r $ qn we give only a lower bound for the dimension of the image
of Qn,r.
PROPOSITION 1.9. For qn # r, Qn,r(En,r) is an Fq-vector space of dimension
at least (r 2 1)qn.
Proof. Write A 5 or21i50 Ai x i for deg(Ai) , qn and x 5 xq
n
2 x. Define
bj (Ai) to be the polynomial of degree less than qn constructed from Ai
as in Lemma 1.4, so b0(Ai) 5 Ai and Qn(Ai) 5 oq
n
21
i51 bj (Ai)x j21. Finally,
write r 5 mqn 1 s for 0 # s , qn and take A0 5 0. Then one combines
this formula for Qn(Ai) with Corollary 1.2 to see
Qn,r(A) 5 Oqn21
j51
(2Aj)x j21 1 Om21
i51
Oqn21
j50
(bj (Ai) 2 Aiqn1j)x iq
n
1j21
1 Os21
j50
(bj (Am) 2 Amqn1j)x mq
n
1j21 1 bs(Am)x r21.
Now suppose that the Ai’s are chosen starting with i 5 1, then i 5 2, 3, 4,
. . . . For 1 # j # qn 2 1, the cofficient of x j21 in the expansion of Qn,r(A)
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is Aj and so many be any polynomial of degrees less than qn. Next, for any
j the value bj (A1) is now determined, and so Aqn1j controls the coefficient
of x q
n
1j21. Thus this coefficient may be any polynomial of degrees less than
qn. One continues in this way to see that the coefficient of each x t, for
1 # t # r 2 2, is At11 plus a previously determined constant, with At11
arbitrary. Therefore, for 0 # t # r 2 2 the coefficient of x t is arbitrary and
so the dimension of the set is at least (r 2 1)qn. This finishes the proof. n
The proof really only shows that the affine subspace hQn,r(xq
n
A9) : deg(A9)
, (r 2 1)qnj has dimension (r 2 1)qn over Fq. A little experimentation will
quickly convince the reader that giving a more accurate bound for the
dimension in the theorem is quite complicated. In any case, we will see
that it is only the lower bound that is useful in the next section.
2. FERMAT QUOTIENTS
Now we look at the generalization of the traditional Fermat quotients
to rational function fields. Fix for the rest of the paper an irreducible
polynomial P of degree d in Fq[x]. For any polynomial A in Fq[x], the
quotient (Aq
d
2 A)/P is actually a polynomial in Fq[x], and so we may
consider the function QP on Fp[x] defined by
QP(A) 5
Ap
d
2 A
P
5
Aq
deg(P)
2 A
P
.
We call this function the Fermat quotient for rational function fields. G.
Eisenstein noted that the traditional Fermat quotient qa enjoys the proper-
ties qa1pb ; qa 2 b (mod p) and qab ; aqb 1 bqa (mod p) [3, p. 105].
Proposition 2.1 gives the similar, easily proven, properties of QP.
PROPOSITION 2.1. For all polynomials A and B in Fq[x] and constants c
in Fq
(1) QP(A 1 B) 5 QP(A) 1 QP(B).
(2) QP(cA) 5 cPP(A).
(3) QP(AB) 5 PQP(A)QP(B) 1 BQP(A) 1 AQP(B).
(4) QP(AB) 5 QP(A)B 1 s(A)QP(B) for s(A) 5 Aq
deg(P)
, so QP is
a s -derivation.
(5) QP(A 1 BP) ; QP(A) 2 B(mod Pq
d
21). More generally, for
A 5 omi50 Ai Pi,
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QP(A) 5 QP(A0) 1
A0 2 A
P
1 Om
i51
(Ai Piq
d
21 1 QP(Ai)Piq
d
).
Similar to Section 1, define QP,r to be the composition
QP,r: Fq[x] UR
QP
Fq[x] R Fq[x]/(Pr),
and let Er be the Fq-vector space hA [ Fq[x] : deg(A) , deg(Pr)j. Below
we will study the size of QP,r(Er), giving an exact answer for r 5 1 and a
lower bound otherwise.
One reason it is difficult to give the size of the set hqa : 0 # a , prj in
Z/prZ is that the traditional Fermat quotient is not even additive: qa1b is
generally not congruent to qa 1 qb modulo p. H. Vandiver was able to
show that when r 5 1 the set in question has between Ïp and p 2 (1 1
Ï2p 2 5)/2 distinct elements. The next corollary gives the function field
version of Vandiver’s result.
COROLLARY 2.2. (1) For each r $ 1, QP,r is an Fq-vector space map.
(2) The kernel of QP,1 is E
p
1, and QP,1(E1) > E1/E p1 is a vector space
of dimension d 2 1 2 [(d 2 1)/p], for d 5 deg(P) and [?] the greatest
integer function.
This shows that there are exactly q[(d21)/p]11 2 q distinct polynomials
A [ Fq[x] with 1 # deg(A) , d so that QP(A) is divisible by P. This is not
known for the traditional Fermat quotients.
Thanks to Johnson [7], one does have a practical method for determining
the traditional Fermat quotient for any given a. Let m be the smallest
integer so that am ; 61 (mod p), and let am 5 61 1 tp for some t. Then
qa ; 7 (at/m) (mod p). In our case, if m is the smallest integer so that
Am ; c (mod P) for some c [ F3q , and Am 5 c 1 TP for some polynomial
T, then one easily shows that
QP(A) ; 2
AT
mc
(mod P).
It seems much easier to compute t than to compute T and c. Theorem
2.3 below will provide us with a somewhat more explicit representation
for QP(A).
Recall that xq
d
2 x 5 P f(x), where the product is over all monic irreduc-
ible polynomials in Fq[x] of degree dividing d. So we have ordP(xq
d
2 x) 5
1. Applying this to Theorem 1.5, we prove
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THEOREM 2.3. Let P be an irreducible polynomial of degree d, let A 5
omi50 aixi be a polynomial in Fq[x] of degree m , d, and let « 5 «(A) 5
ordp(gcdhi u ai ? 0j). Then Pp
«
divides Aq
d
2 A in Fq[x] and
Aq
d
2 A
Pp
« ; V p
« SO
p«ui
ai S i
p«
D xi2p«D (mod Pp«),
where VP 5 xq
d
2 x. Further, the polynomial on the right-hand side of the
equivalence is relatively prime to P. In particular, p« is the exact power of
P dividing Aq
d
2 A.
Proof. By Theorem 1.5 we have
Aq
d
2 A ; SOm
p«ui
ai S i
p«
D xi2p«D (xqd 2 x)p«(mod P2p«).
As p« is positive, all terms in the sum have degree less than d, so the
polynomial the sum constitutes is relatively prime to P. Since V is also
relatively prime to P the rest of the theorem then follows. n
Using the theorem we can now answer several of the questions in the In-
troduction.
COROLLARY 2.4. Let P be an irreducible polynomial.
(1) Suppose 1 # deg(A) , deg(P) and « is the largest integer so that
A 5 (A9)p
«
for some A9 in Fq[x]. Then ordP(QP(A)) 5 p« 2 1.
(2) There are infinitely many pairs A, P in Fq[x] with P irreducible
and 1 # deg(A) , deg(P) such that QP(A) ; 0 (mod P).
(3) There are no irreducible polynomials A with deg(A) , deg(P)
and QP(A) ; 0 (mod P).
(4) For a given A [ Fq[x] and r $ 1, QP(A) is divisible by Pr for
infinitely many irreducible polynomials P if and only if A is a p­r-th power
in Fq[x] for p­r21 # r , pdr.
Proof. Part (1) follows from the theorem, and parts (2) and (3) follow
from part (1). For part (4), if QP,r(A) 5 0 for infinitely many P, then
QP,r(A) must be zero for infinitely many P with deg(A) , deg(P). By part
(1), this occurs exactly when A is a pdr-th power in Fq[x]. n
The polynomial V played an innocuous role in the proof of the theorem
above. However, when r $ 2, it does not. To explain this, let us consider
QP,r(A0) for A0 5 o
d21
i50 aixi. By Lemma 1.4,
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QP(A0) 5 Od21
j51
bjV jPj21,
where the bj 5 bj(A0) are polynomials of degree at most d 2 1 2 j. Since
V is a polynomial of degree qd 2 d, this is no longer the P-adic expansion
of QP(A0). To find this expression, we would need to know the P-adic
expansion of V. However, part (1) of Corollary 2.4 and a translation of the
proof of Proposition 1.6 prove
PROPOSITION 2.5. For 2 # r, the image of QP,r: Er R Fq[x]/(Pr) has
dimension at least (r 2 1)deg(P) and the kernel has dimension at least
[(deg(P) 2 1)/pdr].
In some sense the imperfection of the proposition indicates that the
function field Fermat quotient is one step easier than the traditional Fermat
quotient, as the difficulties do not arise modulo P but modulo P2.
We finish by mentioning possible generalizations. Over the rational num-
bers there is a theory of Fermat quotients modulo composite numbers (see
[1]). If we were to take P to be non-irreducible, the difficulties with V
would become much more pronounced. For instance, if P 5 PiPeii is a
factorization of P into irreducibles, then we must replace xq
d
2 x by
(xq
D
2 x)e, for D the least common multiple of hdeg(Pi)j and e the largest
of the ei . Doing this is not necessarily impossible, though, since if P 5
xq
n
2 x then QP is the Q-quotient studied in Section 1.
It is also possible to use the Carlitz module action on Fq[x] to define
and study ‘‘Fermat–Carlitz’’ quotients. This study was undertaken by V.
Mauduit, and we refer the reader to her paper [9]. Similarly, the analog of
Fermat’s last theorem using Carlitz modules is known as the Fermat–Goss
theorem and was solved by L. Denis [2]. Finally, in view of the subject of
this paper, for studies of the classical version of Fermat’s last theorem over
function fields we direct the reader to [4] and [8].
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